
The appearance of a jump (a shock wave) in the vacuum is cha rac te r i s t i c  for loading processes  in mate-  
r ials  undergoing phase t ransi t ions  [3]. In the case of graphite this sudden change indicates simultaneous graphi-  
tization of diamond into which the graphite is conver ted during the loading process .  
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S T A B I L I T Y  OF  A T H I N  E L E C T R I C  A R C  

A.  A.  B o b n e v  UDC 533.951.8 : 621.301.431 

1. Introduction. Assuming a the rmal  p lasma and neglecting the emission and density variat ion due to 
e lectromagnet ic  forces ,  we write the dimensionless  equations for a steady e lec t r ic  a rc  burning in a cyl indr i -  
cal channel as follows [1]: 

r - l [ r X ( T ) T ' ]  ' + E20(T)  = O, (1.1) 

r - l ( r H )  ' = o ( T ) ,  9 T  = 1, c v = % ( T ) ,  ~ -~ ~ ( T ) ,  

E = const, //(p = E H .  

One can select  

T i t =  o = t ,  r ' I r =  o = Hit= 0 = 0, Tit= 1 • T n (t.2) 

as the boundary conditions. The constant E is determined f rom the three  boundary conditions for the f i rs t  
equation of the sys t em (1.1). Here T, p,  ~, E, H~r ~, Cp, and p are  the dimensionless t empera tu re ,  density, 
e lec t r ica l  conductivity, e lect r ic  field intensity applied along the z axis, ~-th component of the intrinsic mag-  
netic field intensity, the rmal  conductivity coefficient,  specific heat at constant p res su re ,  and the dynamic vis-  
cosi ty coefficient; T R is the dimensionless  t empera tu re  on the channel wall; and r ,  q~, z are  cyl indr ical  co-  
ordinates;  here  and below a pr ime denotes a derivative with respect  to r. 

The values of the cor responding  pa ramete r s  on the channel axis (with subscr ipt  In) a re  the scalE,' factors  
of T, p,  or, ~,, Cp, and p. The scale  factors  of the e lec t r ic  field intensity and the magnetic field intensity a re  

The stabil i ty of an e lectr ic  arc  has been investigated in [1] with respect  to symmet r i ca l  perturbations 
with v iscos i ty  taken into account. It turned out that for the cr i t ical  curves  (we will mark  the cr i t ical  p a r a m -  
e ters  below with a subscr ipt  e) which separa te  the stable regions f rom the unstable ones the phase velocity of 
the perturbat ions is equal to zero ,  and the stabili ty boundary is determined by the value of the product of the 
S~ewart number  by the v iscos i ty  parameter .  The equations along with the boundary conditions a re  of ~he form 

p '  = --E2Q[H(c~e + (d(lldT)Oll.) + oh] + 2r-1(rf~v') ' - -  

--~(2/r 2 + h2)v + ~tw' - -  (2/3){,a[r-l(rv) ' + w]'}'~ 
r-l(rp~w')'  = - -k~p - -  E~k~QHh + k2r-l(r~tv) ' + 

+ (4/3)k2p~w - -  (2]3)k~tr-X(rv) ' ,  (1.3) 

r-X(rpv) ' ---- - - p w ,  

r-1(rO') ' = % r ' O v  + k~O - -  E~(2oe + (doidr)Ol~) ,  

r - ' ( rh )  ' = oe + (do]dT)O/Z,, e' = k~h/cs; 
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v----w' = O' = h = 0  at r =0 , .  (1.4) 
v = w = O = h = O  at r = i  

in this case .  He re  0/3., v, w/ ik ,  Pp, Eh, Ee a r e  the ampl i tudes  of  the per tu rba t ions ,  r e spec t ive ly ,  of the t e m -  
p e r a t u r e ,  r ad ia l  ve loc i ty  component ,  axia l  ve loci ty  component ,  p r e s s u r e ,  <p-th component  of the magnet ic  field 
intensi ty,  and the  z -componen t  of  the e l ec t r i c  field intensity; k is the wave number ,  Q = S P  is a p a r a m e t e r  which 
c h a r a c t e r i z e s  the s tab i l i ty  boundary;  S--- ttea,np,~T,~c~,,Ri/~,, is the Stewart  number ;  P= p m V m R m / P m  = A m /  
PmCpm IS the  v i s cos i t y  p a r a m e t e r ;  and Pe =4~r. 10- ? kg" m / k l  is the magnet ic  permeabi l i ty .  The sca le  fac to r s  
of  the  t ime ,  ve loc i ty ,  and p r e s s u r e  a r e  

Z 
t m =  pmcpraRra/~m,; g m = Rmltm, P m =  ProVe, 

respec t ive ly .  The boundary  conditions (1.4) a r e  imposed  f r o m  cons idera t ions  of the  bonndedness  of  the func- 
t ions at r =0 and of the fact that  the channel boundary  is an i m p e r m e a b l e  non-cur ren t -conduct ing  su r face  at 
constant t e m p e r a t u r e .  One should note that  it is poss ib le  to lower  the o r d e r  of the s y s t e m  (1.3). For example ,  
it is poss ib le  to de t e rmine  v '  f r o m  the th i rd  equation of the s y s t e m  (1.3) and to subst i tu te  it into the f i r s t  equa-  
tion. This  fact  should be  kept in mind in what follows. 

The p rob l em  (1.1)-(1.4) will be  invest igated in this paper  in the case  in which the channel is divided into 
e l ec t r i ca l ly  conducting and nonconducting zones and the  radius  of the e l ec t r i ca l ly  conducting zone (the a r c  
radius  is r a )  is sma l l  (rcr<<l): 

(7(T)-~ _ for T < ra 

(Tg is the value of the temperature below which the electrical conductivity is equal to zero). It is evident that 
the solution for  the pe r tu rbed  magnet ic  field outs ide the e lec t r i c  a r e  is 

h = 0  for r > r ~ .  (1.6) 

Specifying the e l ec t r i ca l  conduct ivi ty in the f o r m  of a continuous function of the t e m p e r a t u r e  (and so, of the 
rad ius) ,  we obtain that  the pe r tu rbed  magnet ic  field intensi ty  is equal to ze ro ,  

h]~ %0= 0, (1.7) 

on the  unper turbed  su r face  of the e l ec t r i ca l ly  conducting zone (r =ra0).  

With the use  of  Eqs. (1.6) and (1.5) we wr i t e  the equations for  the e l ec t r i ca l ly  conducting zone in the 
f o r m  

p'  = 2r-*(rl~v') ' - -  ~(2/r ~ + M)u + ~w' - -  

--(2]3){[~[r-l(rv) ' + wl}'~ 

r--l(r~w,), = _ k 2 p  + k~r-i(rFw) , + (1.8) 

"f" (4/3)k21~w - -  (2]3)k~r-a(rv) ' ,  

r-X(rpv ') = --pw~ r-l(rO') ' = cpT' pv -5 kaO. 

The solut ions for  the pe r tu rba t ions  obtained in the e l ec t r i ca l ly  conducting and nonconducting zones should be  
sp l iced  on the  unper tu rbed  su r face  of the e l ec t r i c  a r c  (r =ra0) .  Selecting Q in an appropr i a t e  way, it is poss ib le  
to obtain a nont r iv ia l  solution of the p r o b l e m  (1.3), (1.8), (1.4), and (1.7); i .e. ,  in this  case  Q fulfi l ls  the ro le  of 

an eigenvalue.  

2. Solution of the P r o b l e m  for Ilnrg01 -~ <<TR. Usual ly ,  the t e m p e r a t u r e  of  the channel  wall  in e lec t r ic  
a r c s  is s ignif icant ly  l e s s  than the t e m p e r a t u r e  on the  axis~ i .e . ,  TR<<I.  The condition 

]in %0] -I << T R (2.1) 

denotes the limiting case of as thin an arc as desired; it is assumed in the investigation of the burning stability 
of such an are that the remaining parameters are fixed. The solution of the problem (1.3), (1.8), (1.4), and 
(1.7) under the condition (2.1) is of independent interest and also very significant from the methodological point 

of view. 
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For  s i m p l i c i t y ' s  sake  the  s tab i l i ty  inves t iga t ion  wil l  be conducted  with 

= % = ~o = t. (2.2) 

We then note tha t  the unpe r tu rbed  t e m p e r a t u r e  for  the e l e c t r i c a l l y  conduc t ing  zone is d e t e r m i n e d  by the  f o r m u l a  

T == r~0T' ["=~0 In r + T~. (2.3) 

We in t roduce  the  notat ion 

and a l so  the new funct ions 

(2.4) 

= (T --  T~);eL / i  = H/<.  (2.5) 

In the l imi t ing  p r o c e s s  e l ' - ' 0  (rcr0---0), ~ is fixed, and the  inner  coord ina te  (the t e r m i n o l o g y  is taken  f r o m  [2]) 
has  the f o r m  

(2.6) 

Then the equat ions  for  the  unpe r tu rbed  p a r a m e t e r  of the e l ec t r i c  a r c  (1.1) with the boundary  condi t ions  (1.2) 
a r e  r ewr i t t en  in the  f o r m  

~-i(d/dO(~dT/d~) --  ~ ( T ) = 0 ,  ~-~(d/d~)(~H)= e(I'); (2.7) 

d T,'d~[:=o = i~i~=0 = 0, TI~=0 = t (2 .8)  

and the  e l e c t r i c a l  conduct iv i ty  is wr i t t en  in the f o r m  

l(~ (] ')  for Y' > O, (2.9) 
Cr-- ( 0 for ~ ; < 0 .  

A boundary  condit ion equivalent  to T Ir = 1 =TR is omi t t ed  in (2.8), s ince  the  solut ion wr i t t en  in the 
va r i ab l e  ~ is i n t e re s t ing  only for  r<<l .  The value of  ~ at which ~ b e c o m e s  equal  to z e r o  is denoted as 7"; i .e . ,  

%o.'et = ~,. (2.10) 

It is evident  f r o m  the f o r m  of the  p r o b l e m  (2.7) and (2.8) tha t  T, and a lso  ?dT/d~!~=:,, do not depend on ra0.  
One can obtain f r o m  EO. (2.3) with the  help of  Eqs.  (2.4)-(2.6) and (2.10) a r e l a t ion  be tween e ~ and the a r c  r ad ius  

~2 = (t_TR)i(yd~:,d~l:=,~l n r(~o + t), (2.11) 

whence  it is  c l e a r  tha t  a 2 ~  Iln rcr01-1 as  r c r 0 ~ 0 .  

Let us r e w r i t e  the s y s t e m  of  equat ions (1.3), us ing  the  new va r i ab l e  [ and Eqs. (2.2), (2.4), and (2.5): 

dpld~ = --eiE~Q[eiH(c~e + (dotdT)Oie ~') + ohl + 
+ r ~) [ ~-~(d/d ~)(~v) ] -- e,k~v + (i/3)dw/d ~, 

~-i (d/d~) (r = e~ (4/3) k2w + 81 (1/3) ke~ -~ (d/d~) (~v) -- 

~-~(d/d ~){ ~v/[t - -  e~(t --  T)] } = --eiw/[1 --  e~(t --  T) L (2.12) 

~-~ ( d/ d~) (~dO/d~) = e%~ ( dT / d~) v/[ t -- 

- -  s ~ (1 - -  T)] + s2k~0 - -  e ~ (2ae + (d(y/dl") O/e~), 

~-l(d/d~)(~h) = e~(ae -t- (dry/tiT)OleO), 
de/d~ = elk~h/(J. 

The ideas of  pe r t u rba t i on  methods  (e.g. ,  s ee  [21) a r e  used  in connect ion  with the solut ion of  the p ro b l e m 
(1.3), (1.8), (1.4), and (1.7) as  rcr0---0. It is poss ib le  to c o n s t r u c t  an a sympto t i c  expansion of  the e igenfunct ions  
and e igenva lues  which is val id  at the  bounda ry  r =0 ( in te r io r  expansion) as fo l lows:  

p = (2TRQo/D 2) e72 In ~ [p0 (~) + vvi (el) pl (~) + %2 (~) p~ (~) + . . .  ], 

w -= (2T.Qo/~ 2) ld In e~ [~o (~) ~- ~ wx (~) + %2 (el)~2 ( ~ ) + . - - 1 '  

(2.13) 
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v = (2T~Qo/~')k28~ In%, Iv  o (~) + ~ v'-~ (~) + vv2 (s,) v'~ (~) + . . . ] ,  

+ vhi (8,) h', (~) + . . .  ], e = e o (~) -+- v,i (81) ~ (~) -}- . . . .  

Q = (2T~/~ ~) e~-~s -s In e~ [Qo + VQ, (s,) Qx + . . .  1, 

(2.13) 

w h e r e  vp ,n  + l /Vpn  - - 0 ,  Vw, n + l / v w n  ~ 0 , . . .  as 81 --*0, and 

f~2 = - -  ~dT  ]ct ~ ]~=~. (2.14) 

Subst i tut ing the  a s y m p t o t i c  expans ions  (2.13) into the  s y s t e m  of  equat ions  (2.12), we obtain  

dpo/d~ = --t1(~*o -{- (d~/d})"Oo) - -  oho, 

~-'(d]d~)( ~dwl/d~) = --"Po - -  H ~ o ,  

~-'(d/d~)(~dOo/d~) = --2oeo - -  (d~/dT)'6o, (2.15) 

~-~(d/d~)(~]zo) = ~ o + (do/dT)6o, 

~-a(d/d~)(~ 'd , ) - - - - - -w,  - -  ((l - -  r~)/f~') (dT/dO~o.  

Outs ide  the  conduc t iv i ty  r eg ion  (~ >T) the  so lu t ions  o f  the  s y s t e m  of equat ions  (2.15) will  be d e t e r m i n e d  by  the 
f o r m u l a s  

"Po = C~, dwi /d~ = C ~ / 2  + C2/~, 

w~ : C , ~ / 4  + C~ In ~ + C3, dOo/d~ = C~/~, 

O'o=C~ln~ + C,, w0 = C;, ~0 = - -Cv~/2 ,  (2.16) 

= - C ~ U l l 6  - c~.((U2) in  ~ - ~/4) - 

- c ~ / 2  + c , / ~  - C:( l  - r~)~/4~ 

w h e r e  C1, C2, . . . ,  C? a r e  cons t an t s  d e t e r m i n e d  f r o m  the  sp l i c ing  condi t ions  of  the  solut ions  at ~ = T; e .g . ,  

c~ = ~,(~) - ~ (v )v~ :4  - c ,  in  ~ . . . . .  

For  r > rcr 0 Eqs.  (1.8) can  be  wr i t t en  in the  f o r m  

p'  = [ ( 4 ] 3 ) e ~ / r ( T R  - -  e~[3 ~ In r)]w --  w' - -  
- -  [k S - -  (8]3)e2[Wr~(Tu - -  e2f32 In r)]v, 

r - l ( rw' )  ' --- k2w - -  k2p - -  [(k~/3)e~'~/r(TR - -  e ~  2 in r)]v, 

r- l (rv)  ' : - - w  - -  [e2~2/r(TR - -  8 ~  ~" In r)]v~ 

r-l(rO')  ' = k20 - -  [e~a / r (TR - -  e2~ a In r)]v 

(2.17) 

with the  use  of  Eqs.  (2.2), (2.3), (2.5), and (2.14). 

One can c o n s t r u c t  an a s y m p t o t i c  expans ion  of  the  e igenfunc t ions ,  which is  val id  at the  boundary  r = 1 
( ex te r io r  expansion)  as  fo l lows :  

p = (2TRk]~ ~) in sl[p0(r) + ~tpl(el)Pl(r) @ 

-{- i~p2(el)p~(r) + . . .  ], 

w = (2T R k]~3 ~) In el[w0(r) + ~wl (el)wl(r) + �9 �9 �9 ], 

v = (2T~ k/[3 ~) in el[v0(r) + ~%l(e1)vl(r) + �9 �9 �9 ], 

0 : e ~ in el[Oo(r) + [%l(e:)Ol(r) + �9 �9 �9 l, 

( 2 . 1 8 )  

w h e r e  Pp,n + l / P p n  --*0, Pw,n + l / P w n  ---*0, . . .  as e l  --~0. 

Subst i tut ing Eqs.  (2.18) int'o the  s y s t e m  (2.17), we obtain the  fol lowing s y s t e m  of  equat ions  in the  ze ro th  
a p p r o x i m a t  ion: 

208 



Pc = - -  Wo - -  k~Vo, r - i  (rwo)' = k~vao - -  k2po, 

r - ~  ( r v o ) '  = - -  wo ,  r - ~  (rO'o)'  = - -  ( 2 k l r )  vo + k~Oo. 

(2.19) 

The solut ion of the  s y s t e m  (2.19) is (for e x a m p l e ,  see  [3]) 

vo = B l Idkr )  + B~Kl(kr) + BakrI~(kr) + B,krKo(kr),  

w o = --BlkIo(kr ) + B,kKo(kr) - -  B~k[21o(kr ) + 

+ krli(kr) ] - -  Bak [2Ko(kr) - -  krKl(kr) ], 

wo = --  B~k2I~ (kr) - -  BJPK1  (kr) --  Bsk ~ [2Ii (kr) + 

+ kr I  o (kr)] + B4k 2 [2K1 (kr) - -  krKo (kr)], (2,20) 

Pc = 2B3klo(kr) + 2B,kKo(kr),  

Oo = --Bllo(kr)  In hr + B2Ko(kr) In kr - -  B~krI~(kr) + 

+ BikrK1(kr) + BJo(kr)  + BeKo(kr), 

0~, ::- - -  B~ [kI~ (kr) In kr + [ o (kr)lr] + B~ [ - -  kK1 (kr) in kr + K o (kr)/r] - -  

- -  B3k~rlo (kr) - -  Btk2rKo (kr) + B~k[~ (kr) - -  B~kK~ (kr), 

w h e r e  I 0 and I 1 a r e  the  modif ied  B e s s e l  funct ions ,  K 0 and K1 a r e  the Macdonald  funct ions ,  and B~, B2: . . . .  , B~ 
a r e  a r b i t r a r y  cons tan t s .  Without dwell ing on the cons t ruc t i on  of the solut ion (2.20}, we note tha t  it is poss ib le  
to c o n f i r m  its c o r r e c t n e s s  with a check.  

Let us c o n s i d e r  for  the sp l ic ing  of  the in t e r io r  and e x t e r i o r  expansions  the in t e rmed ia t e  l imi t  

s: -~  O, r~ = r#l is fixed, (2.21) 

whe re  

e i < < ~ l < < l  or ~ ] / e l - - ~ ,  rl'-->-O. 

In the l imi t  (2.21) r = i l r ~ 7 ~ 0  , ~ = (~l/e~)rn-+ oo. In connect ion  with the  sp l ic ing  of  the  f i r s t  t e r m s  of t ;he  in te r io r  
and e x t e r i o r  expans ions ,  us ing  the  defini t ion (2.21), Eqs.  (2.10), 2.11}, (2.14), (2.16), and (2.20), as we l l  as the  
e x p r e s s i o n s  for  the funct ions I0, I1, K0, K l in s e r i e s  form~ we have (the functions p, w ' ,  w, v, 0 ' ,  0 a r e  sp t ieed  
se r i a l ly )  

C1 = O, QoC~ = 2B~, 0 -= B2, -0 = Bl  + B~, (2.22) 
- - C ~ = B ~ + B ~ + B ~  ( l n 2 - - C ) ,  --C~ + C: = 0 ,  

C~Qo = --Bx - -  2B~ + B~[2 in (k I2) + 2C + t1, 

whe re  C = 0,577 . . .  i s  E u l e r ' s  cons tan t .  
Eqs .  (2.16) 

Pc (Y) = O, Qokydwffd~ I,;=v = lira (rw~), 
r'->O 

0 = vo t,=o, 0 = Oo/~=o, - -  ydOdd~l(-_, = Oo l,=o, 
@L 0 --  ?dw,ld~) t:=~ = 0, Q0 (~vi - -  ? In ydw~ld~) i:=v = lira (w0/ln r). 

r ~ 0  

H e r e  B2=0 is used in wrir  Eqs.  (2.22). We obtain with the help of  

(2.23) 

The ze ro th  and s u c c e e d i n g  t e r m s  of  the a s y m p t o t i c  expans ions  (2.13) and (2.18) (the in te r io r  and e x t e r i o r  
expans ions) ,  should,  as follows f r o m  (1.4) and (1.7), s a t i s fy  the bounda ry  condi t ions  

~ = d w , ~ / d ~  -~ ~ n / d ~  = h .  = 0 at ~ = 0, -hn -----0 at ~ = % (2.24) 

:,'~ = w n = O n : 0 at r = t (n -= O, l ,  2 . . . .  ). 

One should note that  the f i r s t  f ive equat ions  of  the  s y s t e m  (2.15) a r e  enough to de te rmine  the  e igenvalue  Q0 [this 
follows f r o m  the condi t ions  (2.23)]. One can e x p r e s s  t31, B3, Bs, and 134 f r o m  Eqs. (2.20), (2.22), and (2.24) in 
t e r m s  of  

whe re  

B1 = bib  4, B 3 = b3Ba, B5 = bsBa, (2.25) 

bl  = k 2 [ K o ( k ) I i ( t e )  + I o ( k ) K l ( k l )  ] / { ]~Io(k)  - -  

- -h(70 [2So(l~) + kh(k)  l }; 
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bz --. {I~(k)12Ko(k) - -  kK,(k)]  - -  kKo(k)Io(k)}/{kIo(k) - -  l~(k) • 

• [21o(k) q- kl~(k)]}; b s = {b~[lo(k) In k q- Ko(k)] -{- 
q-b3kl~(k) - -  kK,(k)} / lo(k) .  

When 

~ ( ~ ) = / ~  ~or ~ > 0 ,  (2 .26)  
/ o  for T < : 0  

it is poss ib le  to so lve  the p rob l em s  (2.7), (2.8), (2.15), and (2.24) analyt ical ly.  The solutions f o r t h e u n p e r t u r b e d  
p a r a m e t e r s  in the e l e c t r i c a l l y  conducting zone a r e  of  the f o r m  

= #o(~), H = ],(~) (2.27) 

for  ~ <T; 3 ~ =2.405 is the  value of the f i r s t  posi t ive  root of the equation J0(T) =0, and J0 and J1 a r e  Besse l  func- 
t ions.  Using Eqs. (2.27) and (2.26), the solutions for  the per tu rba t ions  of the p rob lem (2.15) and (2.24) can be 
wri t ten  in the f o r m  

"eo = A l ,  Oo = A l l J o ( ~ )  - -  ~Jl(~J)], =ho = AI~Jo(~), 
~o = A~ [j~ (~) - -  ~0 (;) ]~ (~)], (2 .28)  

dwx/d~ = _ Aa ~ [ j2  (~) + j2  (~)]~ 

h e r e  only the solut ions n e c e s s a r y  for  the de te rmina t ion  of Q0 a re  wri t ten.  Substituting (2.28) into (2.22) and 
using (2.26), we obtain 

A17Jl(7) = B,{i + b5 --  bl(ln 2 --  C)}. (2.29) 

Equating the  de te rminan t  of the s y s t e m  of equations (2.29) with r e spec t  to the unknowns A 1 and B 4 to zero ,  one 
can find Q0. 

The function Q0(k) is i l lus t ra ted  in Fig. 1; the s tabi l i ty  region is denoted by the l e t t e r  "s"  and the ins tab-  
i l i ty reg ion  b y  the l e t t e r  wi". It  is  evident  that  [Q 0 [ r e aches  a min imum as k ~ oo; i .e . ,  pe r tu rba t ions  with 
l a rge  wave n u m b e r s  a r e  the m o s t  unstable .  

The eigenfunctions of  ze ro th  approx imat ion  in the e l ec t r i ca l ly  conducting region a re  plotted in Fig. 2, 
and those  outside of it with k = 4  a r e  plotted in Fig. 3. It follows f r o m  Figs. 2 and 3 as well as f rom the expan-  
sions (2.13) and (2.18) that the ampli tude of the  p r e s s u r e  per tu rba t ions  i nc rea se s  mos t  intensely with dec reas ing  
a re  radius ;  the m a x i m u m  p r e s s u r e ,  and a lso  the m a x i m u m  longitudinal ve loci ty  component  (maxima of the p e r -  
turba t ion  ampl i tudes  a r e  unders tood here) ,  a r e  found on the channel axis.  The m a x i m u m  of the t e m p e r a t u r e  
per tu rba t ion  is found n e a r  the e l ec t r i ca l ly  conducting zone but outside of it. The m a x i m u m  per turba t ion  of the 
radia l  veloci ty  is found outside t h e  e l ec t r i ca l ly  conducting zone. 

3. Solution of the P r o b l e m  for  [Inr~01-1 = O(TR). In the ca se  in which the wall  t e m p e r a t u r e  is a quantity 
of  t h e f i r s t  o r d e r  of  s m a l l n e s s  with [In ra01-1 (or with e 2), it is poss ib le  to introduce the notation 

TR = e~[~2t~. (3.1) 

Then using the in te r io r  va r i ab l e  ~ [see (2.6)1 and also Eqs. (2 .3)-  (2.5), we cons t ruc t  nea r  the boundary r =0 an 
a s y m p t o t i c  expansion of the  eigenfunetions and eigenvalues  

p = q o ~ v  2 [~o (;) + ~pt (~1) ~ (;) + ~p~. (~) ~, (;) + . . - l ,  
w ~- k~Qo In el[Wo(;) q- (In el)-lwl(;) q- a'w~(el) w~(~) q- �9 �9 "], 

v = h-~Qoel in e~[~o(;) -q- (in e~)-~l(;) q- v,2(e~)~'~(;) + �9 �9 .1, 

0 estiJ0(;) -~ v0x(el)b',(;) -1- �9 . .l, h = el[h0(;) -}- (3.2) 

+ vhl(el~h,(~) + �9 �9 �9 l, 

e = ~:o (~J + ~1  (e,) ~ (~) + . . . .  q = ~-~F z [qo + vo, (~ )  Q1 + - . .  1. 

Substituting the asympto t i c  s e r i e s  (3.2) into Eqs. (2.12) and keeping (3.1) in mind,  we obtain the s y s t e m  of equa-  
t ions (2.15), wi th the  exception of the l as t  equation, which has a somewhat  different  f o r m  and is not needed in the 

following. 
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An a s y m p t o t i c  expans ion  of the  e i g e n f u n e t i o n s ,  which is  va l id  n e a r  the  b o u n d a r y  r =1 ( ex te r io r  expans ion) ,  
can  be r e p r e s e n t e d  in the  f o r m  

p = po(r) + ~tpl(e:)p1(r) -4- p.v~(el)p~(r) + . . . .  

w = wo(r) Jc btw~ (sdwl(r) + . . . .  v ---- vo(r) -}- ~ I  (el)~:l(r) d- �9 �9 .. (3.3) 

0 = Oo(r) + ~tol (el)Ol(r) + . . . .  
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where  Pp,n + l / P p n  -* 0, Pw,n + l / P w n  " -  O, . . .  as e L -  0. 
we obtain the  following s y s t e m  of equations in the ze ro th  approximat ion:  

p'0 = - -  w0 + (413) w o / r  ( tR  - -  In r)  - -  [k  ~ - -  813r  ~- ( tR - -  In r)] vo, 
r - Z  ( rvo) '  = - -  wo - -  vo / r  ( tR  - -  In r), 

r - '  (rw'o)" = k ' w  o - -  k=po - -  k~vo/3r (tp. - -  in r) (3,4) 

r - z  ( r O o ) '  = k 'O  o - -  vo l r  ( t R  - -  ]n  r ) .  

The behav io r  of  the solut ions of  the s y s t e m  of equations (3.4) as r --*0 coincides  with the behavior  of the so lu-  
t ions of the  s y s t e m  (2.19); t h e r e f o r e ,  it is poss ib le  in connection with the spl ic ing of the ex t e r io r  and in ter ior  
expansions to obtain conditions s i m i l a r  to (2.23): 

Po (~) -~ O, k ~ Q o ~ d w l / d ~  ]; :v = lim (rw0), 
,~0 (3.5) 

o = 1,=0, 0 = 00 t,=0, = 0o I,=0 

(only the spl ic ing condit ions n e c e s s a r y  for  the de te rmina t ion  of the eigenvalue Q0 a re  wri t ten  out here) .  It is 
a lso evident that  the ze ro th  and subsequent  t e r m s  of the in te r ior  and ex t e r io r  expansions (3.2) and (3.3) should 
sa t i s fy  the boundary  conditions (2.24). The s y s t e m s  of Equations (2.15) and (3.4) along with the con-  
ditions (2.24) and (3.5) a r e  solved numer i ca l l y  with G(T) in the f o r m  (2.9), in which the quantity t R va r i ed  f r o m  
0 tooo. The c r i t i ca l  cu rves  Q0c(tR) and kc(tR) a r e  i l lus t ra ted  in Fig. 4. As tR--* %Q0c (tR)tends asympto t ica l ly  
to 6.4tI~, and kc(t  R) to 1.46 log t R +3.32, which is in ag reemen t  with the calculat ion of the c r i t i ca l  cu rve  in 
Sec.  2 (in which ~n rG0 I-1<< TR). As t R --~ r one can cons t ruc t  an asympto t ic  expansion of the eigenfunetions 
and e igenvalues  of  the  p r o b l e m  (2.15), (3.4), (2.24), and (3.5) in powers  of  the sma l l  p a r a m e t e r  t~  1, which r e -  
duces in the ze ro th  approx imat ion  to the  p r o b l e m  (2.15), (2.19), (2.24), and (2.23); however ,  this  will not be done 
in view of the obvious s impl ic i ty  of the construct ion.  

Then subst i tut ing the s e r i e s  (3.3) into the s y s t e m  (2.17), 
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The eigenfunctions of the problem (2.15), (3.4), (2.24), and (3.5) outside the e lect r ical ly  conduc~:ing region 
a re  plotted in Fig. 5 with u =u(~) in the form (2.26) as tR--~0 and for k =4 (the eigenfunctions ha the e lect r ical ly  
conducting zone will look the same as in Fig. 2). It is evident that the appearance of these curves  (t R - - 0 )  is 
ve ry  s imi lar  to the appearance of the eigenfunctions i l lustrated in Fig. 3 (t R - -  ~), although it is not necessa ry ,  
of course ,  to forget about the coefficients which appear in front of the eigenfunctions in the asymptotic expan- 
sions (2.13), (2.18) and (3.2), (3.3), as well as the fact that  the vector  of the eigenfunctions is determined to an 
accuracy  of a constant (not dependent on r) fac tor .  

The cr i t ica l  curves  Q0c and k c for the problem (2.15), (3.4) , (2.24), and (3.5) were constructed numer i -  
cally with variat ion of the e lect r ical  conductivity distribution as t R --0.  The e lec t r ica l  conductivity (r = u(T) 
was s pec tried with the following s ing le -parameter  family of curves :  

fe ~7' I 
(y ( ~ ) ~ / e ~  for T ~ O ,  

fo~ ~ < 0 ( - -  co < ~ < oo). 

It is evident that the distribution u(~) is fullest for large negativec~, and on the cont rary ,  it is least full as 
a ~  co; the e lect r ical  conductivity distribution becomes a l inear function of the t empera tu re  as a --0.  

The calculated cr i t ical  curves Q0c (a) and kc(a) are  shown in Fig. 6. It is evident that the filled dk~tribu- 
tion u (~) (a ~-oo)  is more  stable than the distribution u('~) as a ~  co. As a - - - 0 %  Q0c (a) --* 18, and as a --* 0% 
Q0c(a)-'*0. However, the dependence of Q0c on a is nonmonotonic, as follows from Fig. 6. Upon the variation 
of a f rom co to - 6  the quantity Q0c increases  f rom 0 to 18.8, and upon a fu~he r  decrease  of a f rom - 6  to - %  Q0e 
decreases  f rom 18.8 to 18. 

One should note that the cr i t ica l  value of the wave number  k c does not depend o n a .  This is easy to show. 
Actually, one can extract  a closed sys t em of s ix th -order  equations f rom the sys tem (2.15) to descr ibe  the e lec-  
t r i ca l ly  conducting region [these are  the f i rs t  five equations ha the sys t em (2.15)], whose o rde r  can~ be lowered 
f rom seventh to sixth by the introduction of the new function 

g1(O = ,~,~/d~, (3.6) 

with the five boundary conditions: three  conditions of  boundedness 

ul = dOo/d~ = h o - - O  at ~ = 0 (3.7) 

and the two conditions 

i.e., the fun ct ions ~t and de  0/d ~, which are  nec es s ary for s plic hag the ext er  ior and inter ior asymptot[c expan- 
sions, are  determined to an accuracy  of a constant factor ,  e.g.,  A 1. 

There is also a sys tem of sLxth-order equations [this is the sys tem [2.4)] for the descript ion in t heze ro th  
approximation of the region where ~ = 0 with the five boundary conditions: three  boundary conditions 

V0 ~-  Wo ~ 0o ~ 0 a t  r ~ J 

T T 
and the two conditions v 0 = 00 =0 at r =0; i.e., the functions w0(r) and 00(r) rmcessary  for the splicing are  de- 
te rmined to an accuracy  of a constant factor ,  e.g., A 2. 

Keeping (3.6) in mind, we obtain f rom the splicing conditions (3.5) 

A~k'Qo?ux(? ) = A~_ lira (rwo), 
r~o 

Al?dOo/d~J;= v = A~O0].~0, 

whence for A 1 ~ 0 arid A 2 # 0 we have 

co = (o))]. (3.8) 
It should be noted that ~l(~/) and d'Oo/d~k.=v are  functions only of a [this follows f rom the form of Eqs. (2.15) and 
the boundary conditions .(3.7)], and lira (rw'0) and 00(0) are  functions of k and tR[this  is evident f rom (2.4) and 
(2,9)]. Then one can wri te  Eq. (3.8)r~o0r Q0 in the form 

qo = ],(~z)l.(k, t,O. 

The cr i t ica l  value k =k c is determined by the condition 
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o r  

dQJdk  • ]z(cz)d]~(k, tR)/dk = 0 

(d/dk)]~(k, tR) = 0,, 

f r o m  which it is evident that  the c r i t i ca l  value of the wave number  k c does not depend on a ,  or  m o r e  genera l ly ,  
on the dis t r ibut ion ~ (~). 

In Conclusion of this invest igat ion of the s tab i l i ty  of a thin e lec t r i c  a rc  to s y m m e t r i c a l  per turba t ions  one 
should note the following: 

1) The s tabi l i ty  boundary  for  as thin an e lec t r i c  a r c  as des i red  (the r ema in ing  p a r a m e t e r s  a re  fixed) is 
de te rmined  by the value of the quantity Qfl2e2el~/T R In r the c r i t i ca l  value of this  p a r a m e t e r  is equal to - 6 . 4 ,  
and the c r i t i c a l  value of the wave n u m b e r  tends to infinity; 

2) in the ca se  in which the wall  t e m p e r a t u r e  is c o m p a r a b l e  to or  l ess  than Iln ra0  ]-1, the s tabi l i ty  boundary  
is de te rmined  by the value of the quantity Q~2r depending on the wall  t e m p e r a t u r e ,  the c r i t i ca l  value of this 
quantity v a r i e s  f r o m  14 to oo, and the c r i t i ca l  wave number  va r i e s  f r o m  -3 .01  to oo; and 

3) upon var ia t ion  of the  e l ec t r i c a l  conductivi ty dis t r ibut ion as a function of the t e m p e r a t u r e  it tu rns  out 
that  the ful lest  d is t r ibut ion is the mos t  s tab le  (although m o r e  accura te ly ,  this  dependence is nonmonotonic),  and 
the c r i t i c a l  wavenumber  does not depend on the e l ec t r i ca l  conductivity distr ibution.  

All the ca lcula t ions  were  p e r f o r m e d  on a compute r ,  and the method of l inear ly  independent solutions (for 
example ,  see  [4]) was used in the n u m e r i c a l  calculat ions;  the re la t ive  accuracy  of the calculated cu rves  is no 
l e s s  than 10 -2. 
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